This paper deals with a dynamic model for threephase induction machines equipped with closed rotor slots and deep rotor bars. The thin bridges closing the rotor slots saturate highly as a function of the rotor current. The impedance of the rotor bars also varies much as a function of the rotor current frequency. An extended dynamic model, which takes into account the slot-bridge saturation and the deep-bar effect, is developed. The model extensions can be plugged into a standard machine model and parametrized easily. The proposed model can be applied to time-domain simulations, real-time control, and identification. The model is validated by means of finite-element analysis and experiments using a four-pole 5.6-kW induction machine. The results show that the accuracy of the proposed model is superior to the standard model, particularly under transient excitation typically used in standstill self-commissioning tests of induction motor drives.
Rotor-cage resistance.
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I. INTRODUCTION
T HREE-phase induction machines are designed to operate in magnetic saturation under normal conditions. The state of saturation depends on the operating point, which may vary in a wide range in controlled drives. For the purposes of dynamic analysis and control, an induction machine is described using a space-vector model, typically expressed in the T, Π, Γ, of inverse-Γ equivalent-circuit form [1] , [2] . If linear magnetics are assumed, these alternative forms are mathematically equivalent, but their nonlinear variants have fundamentally different qualities [1] .
The saturation of the main flux path (the stator and rotor teeth and yokes) is comprehensively analyzed and modeled in [1] , [2] . The flux densities in the stator core depend mainly on the stator flux linkage, while the flux densities in the rotor core depend on the rotor flux linkage. These saturation effects are most naturally included in the Π form [1] , [2] . Since the stator core saturation dominates, the nonlinear Π model can be further reduced to the nonlinear Γ form [1] . As compared to the inverse-Γ model, advantages of the Γ model are that its saturable stator inductance can be univocally defined using a simple no-load test and that it properly takes into account the effect of the load variations on the saturation state.
A significant part of low-power three-phase induction machines are made with closed rotor slots [3] , [4] . This structure has many advantages from mechanical and manufacturing point of view. Fig. 1 shows a cross-section of a typical closed-slot rotor. The thin bridges closing the rotor slots saturate highly as a function of the rotor current (i.e. electromagnetic torque), which makes these machines more complex to model as compared to the machines with open or semi-closed rotor slots. Furthermore, the eddy currents in the rotor bars make the rotor resistance and the rotor leakage inductance dependent on the frequency of 0885-8969 © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information. the rotor current [4]- [7] . This phenomenon is called a deep-bar effect.
The deep-bar effect can be included in space-vector models by means of resistor-inductor ladder circuits [7] - [11] , which further can be represented in the form of a transfer function [12] . The ladder circuits in [8] - [11] are based on the multi-cage rotor structure, and they are parametrized by means of numerical optimization. The ladder circuit structure presented in [7] can be be plugged into standard space-vector models, with no need to modify the parameters of the underlying model. Furthermore, this ladder circuit can be easily parametrized by means of the standard-model parameters, if rectangular rotor bars are assumed. In [13] , a ladder circuit structure similar to that in [7] has been applied to modeling the eddy-current losses of a high-frequency transformer. In order to take into account the slot-bridge saturation, the models in [8] , [9] , [12] , [14] include a nonlinear leakage inductance. Unfortunately, these models are difficult to apply in practice due to their complexity. Furthermore, an explicit saturation model has been presented only in [14] . An experimental procedure for parametrizing the model in [12] is presented in [15] . No experimental parametrization procedures are available for the other above-mentioned models.
Including the deep-bar effect and the slot-bridge saturation in the machine model can be beneficial for selfcommissioning [16] , [17] and for further increasing the control performance, particularly in the field-weakening region [8] . To avoid locking the rotor, self-commissioning methods commonly apply single-phase test signals, typically either sinusoidal or stepwise, for identifying the leakage inductance and the rotor resistance [18] . Due to higher frequencies in the excitation signal, the deep-bar effect has to be taken into account. The slot-bridge saturation may also hinder these transient tests [19] . For example, if the single-phase sinusoidal voltage is fed to the stator, the bridge saturation effect distorts the rotor current waveform at low current values, which further becomes visible in the measured stator current response.
In this paper, an extended dynamic machine model is proposed, taking into account the magnetic saturation in both the stator core and the rotor slot bridges as well as the deep-bar effect. The main contributions of this paper are: r The proposed model extensions contain only a few parameters to be selected and they are easy to plug into a standard machine model. r A procedure for parametrization of the augmented model by means of measurements from the stator terminals is presented.
r The effect of the rotor slot-bridge saturation on the singlephase excitation is analyzed. The model can be applied to time-domain simulations, real-time control methods, and standstill self-commissioning algorithms. The model is verified by means of experimental measurements using a 5.6-kW commercial induction machine. Fig. 2 shows the proposed Γ model, which includes the nonlinear stator inductance L s , the nonlinear slot-bridge inductance L σb , and the rotor-cage impedance Z r (s). We have chosen the Γ model as a starting point, since it properly captures the main-flux saturation effect. Furthermore, its leakage inductance is located at the rotor side, which is a necessity for modeling the slot-bridge saturation effect. The model is presented in a coordinate system rotating at the electrical angular speed ω m of the rotor, since the rotor-cage impedance is easiest to express in these coordinates. In the following subsections, the elements of this model are presented in detail.
II. PROPOSED MODEL

A. Magnetic Saturation
We assume sinusoidally distributed windings and a uniform airgap [1] , [2] . In a saturated machine, the flux densities in the stator and rotor cores are nonsinusoidally distributed in space. However, since only the fundamental space components of the flux densities link with the sinusoidally distributed windings, the space vectors can still be used to model the exact dynamics (as seen from the electrical and mechanical terminals) of the saturated machine [1] .
Due to the closed rotor slots, the rotor leakage flux has an easy route via the slot bridges at low rotor currents [3] . When the rotor current (and the rotor leakage flux) increases, the thin bridges become fully saturated. Since the uniform airgap is assumed and the core losses are omitted, the saturable inductances are of the form
where the saturation states depend on the flux-linkage magnitudes ψ s = |ψ s | and ψ σb = |ψ σb |, respectively. The saturation effects can be modeled, e.g., by defining static look-up tables for the inductances in (1) . Alternatively, explicit functions can be used, which typically simplifies the implementation of the model and allows extrapolation beyond the data range used in the fitting procedure. We apply a saturation model 
where L su and L s∞ are the unsaturated and fully saturated values, respectively, of the stator inductance, and c and r are positive coefficients. The coefficients of the leakage inductance function in (2b) are defined similarly. Fig. 3 shows the saturation characteristics, corresponding to (2), fitted to the measured data of the 5.6-kW machine. The measurement procedure is explained in detail in Section III. Induction machines may show some cross-saturation between the stator and leakage fluxes, especially if the rotor slots are skewed [23] . If needed, these effects could be included in the saturation model [22] , at the expense of a larger number of model parameters and a more difficult identification process. The core losses are not considered in the proposed model extensions, but they are studied, e.g., in [1] , [14] , [24] - [26] .
B. State Equations
The stator flux linkage ψ s and the leakage flux linkage ψ σb are the natural choices as state variables, since the nonlinear inductances depend on these variables. Based on Fig. 2 , the state equations in rotor coordinates are
where the rotor-cage impedance is described by the transfer function Z r (s) and s = d/dt is the differential operator. The currents appearing in these state equations depend only on the state variables, i.e.,
The electromagnetic torque is
where p is the number of pole pairs. Equations (2)-(5) together with the linear circuit Z r (s) form a proper nonlinear state-space representation that can be easily implemented in simulation environments or control algorithms. The model is simplest to implement in rotor coordinates, but when needed, it can be easily transformed to any other coordinates using the standard coordinate transformations.
C. Deep-Bar Effect
Due to the eddy currents in rotor bars, the rotor resistance will increase and the rotor slot inductance will decrease as a function of the rotor current frequency. Assuming rectangular rotor bars, the rotor-cage impedance in the frequency domain is [5] 
where τ = 3L σ0 /R r0 is the time constant, L σ0 is the DC inductance, and R r0 is the DC resistance. The impedance of the end rings is omitted for simplicity.
In the time domain, the rotor-cage impedance can be modeled using various ladder circuits. The infinite-order ladder circuit shown in Fig. 4 (a) corresponds to the impedance (6) if [7] , [13] 
where n is the number of the element. This circuit is a convenient choice for modeling the rotor-cage impedance, since it can be easily parametrized and plugged into the existing Γ model. In order to keep the transfer function Z r (s) proper, the order of the numerator must not be higher than the order of the denominator. For this reason, the ladder circuit must be terminated with a resistor. (6) and its second-order ladder-circuit approximation (8) . The impedances measured using the locked-rotor tests are also shown. In the measurements, the constant stator current of 0.4 p.u. was used. Fig. 4(b) compares the analytical expression (6) to the impedance of the second-order ladder circuit fitted to the measured data of the 5.6-kW machine. The measurement procedure is explained in detail in Section III. It can be seen that the secondorder ladder matches very well with (6) up to the frequency of 50 Hz. If higher frequencies are of interest, the order of the ladder circuit can be easily increased using (7) . For example, the fourth-order ladder yields a good accuracy up to the frequency of 400 Hz. It is to be noted that the required order depends on a particular machine via τ in (6) . Furthermore, if the same ladder is applied with free parameters [without the condition (7)], the accuracy improves but also the amount of model parameters increases. If the model is used for predicting the losses due to pulse-width modulation or other high-frequency phenomena, the order of the ladder has to be significantly increased. Fig. 5 shows the proposed model with the second-order ladder circuit, which is parametrized using (7) . The nonlinear part L σb of the leakage inductance takes into account the leakage flux that does not cross the rotor bars but goes through the slot bridge (or the slot opening). It is worth noticing that the effect of the stator leakage inductance, which is essentially constant, is included in L σb and L s . The rotor-cage impedance Z r (s) for the secondorder circuit, shown in Fig. 5 , is
Assuming rectangular rotor bars, the slot leakage inductance could be estimated based on the DC rotor resistance R r0 and the bar height h as L σ0 = σμ 0 h 2 R r0 /3, where σ is the conductivity of the bar and μ 0 is the permeability of the air. In this paper, the parameters R r0 and L σ0 are obtained by fitting the impedance Z r (s) to the measured data, i.e., no information on the machine geometry is needed for parametrizing the model.
III. PROCEDURE FOR EXPERIMENTAL CHARACTERIZATION
The proposed model can be experimentally characterized from the stator terminals by means of standard three-phase tests in different steady-state operating points. In the following, the operating-point quantities corresponding to these steady-state tests are marked with the tilde. For each operating point, the fundamental voltage vectorũ s and the fundamental current vectorĩ s are calculated from the measured time series, e.g., using the discrete Fourier transform. The stator resistance R s can be measured simply by the DC test.
A. Stator Inductance
The main-flux saturation characteristics can be measured by completing a series of no-load tests, where the stator current magnitude is varied. For each stator current, the corresponding flux linkage isψ
where ω s is the stator angular frequency. In the no-load condition, the rotor current is zero, and the stator flux linkage vector and the stator current vector are parallel. Therefore, the operating-point stator inductance can be solved from (9) as
The saturation model in (2a) is fitted to the values ofL s .
B. Rotor-Cage Impedance
The rotor-side impedance can be measured by completing a series of locked-rotor tests, where the stator current magnitude is kept constant and the stator angular frequency ω s is varied. For each angular frequency, the rotor-side impedanceZ is defined
where the stator flux linkage is calculated using (9) . The rotor current is calculated asĩ
where L s = L s (ψ s ) is already known based on the no-load tests. According to the model in Fig. 5 , the rotor-side impedance in the steady-state under the locked-rotor condition is
where the cage impedance Z r (jω s ) is given by (8) . Therefore, the real part
depends only on Z r (jω s ) but not on L σb . To obtain the parameters L σ0 and R r0 , the real part Re{Z r (jω s )} of the cage impedance (8) is fitted to the measured operating-point values Re{Z}.
C. Slot-Bridge Inductance
Another series of the locked-rotor tests is completed. This time, the angular frequency ω s is kept constant and the stator current magnitude is varied. For each current magnitude, the rotor-side impedance values are calculated using (11) , as explained before. Based on (13), the operating-point slot-bridge inductance can be extracted from
where the parameters of Z r (jω s ) are already known based on the previous tests. The saturation model (2b) is fitted to the values ofL σb .
IV. FINITE-ELEMENT ANALYSIS
The slot-bridge saturation of the 5.6-kW machine is analyzed by means of finite-element simulations. Time-discretized finiteelement analysis is used for solving the magnetic field of the machine [27] . Triangular, second-order isoparametric elements are used. A non-linear single-valued magnetization curve is used for the magnetization characteristics of the iron core. The field in the core region of the machine is assumed to be two-dimensional. The three-dimensional fields at the end-winding regions are taken approximately into account by adding end-winding terms in the circuit equations of the stator and rotor windings. The discretized field and circuit equations are solved together. One period of supply voltage is divided into 300 time steps. Fig. 6 shows the flux-density distribution in the machine crosssection at the nominal operating point. It can be seen that the slotbridge regions saturate highly. Fig. 7 shows an example result of a single-phase excitation test at standstill, where the 100-Hz sinusoidal voltage is fed across the a and b phase terminals and the b and c terminals are short-circuited. The circuit arrangement corresponds to that in Fig. 8(c) . It can be seen that the current response is highly distorted at low current values. Without the slot-bridge saturation, the current response would be sinusoidal.
V. EXPERIMENTAL RESULTS
The 5.6-kW induction machine, shown in Fig. 8(a) , is used in all experiments in the paper. The rated values of the machine are 60 Hz, 460 V (line-line, rms), 9.5 A (rms), and 1 770 r/min.
A. Characterization
The proposed model is characterized according to the procedure presented in Section III. In the no-load tests, a three-phase inverter, controlled by a dSPACE MicroLabBox system, supplies the induction machine. The rotor speed, stator current, and DC-link voltage are measured at the sampling frequency of 8 kHz. The stator voltage is calculated from the duty ratios Fig. 8(a) , is used to regulate the shaft speed.
In the locked-rotor tests, the setup shown in Fig. 8(b) is used. The test machine is fed from an adjustable-speed synchronous generator, whose apparent power is 100 kVA. The line-to-line voltages and the phase currents are measured at the machine terminals, and the data is stored using a data logger (Dewetron DEWE-50-PCI-32) at the sampling frequency of 10 kHz.
The identified parameters of the motor model are given in Table I . Fig. 3 shows the measured operating-point flux linkages, corresponding toL s andL σb , together with the fitted saturation Hz. In the model, the constant total leakage inductance is L σb + L σ0 = 24 mH, the rotor resistance is R r0 = 0.18 Ω, and no ladder circuit is used. Other parameters are given in Table I. characteristics. Similarly, Fig. Fig. 4(b) shows the rotor-cage impedance values calculated from the measured quantities together with the fitted impedance (8).
B. Validation
1) Single-Phase Excitation Test at Standstill:
In order to validate the proposed model, single-phase excitation tests at standstill, corresponding the finite-element analysis in Section IV, were measured using the experimental setup shown in Fig. 8(c) . The test machine is fed by a programmable power supply (California Instruments Ametek CSW 5550). The voltage and the current are measured at the machine terminals, and the data is stored using the same data logger as in the locked-rotor tests.
Figs. 9(a) and 9(b) show the results at the excitation frequencies of 50 Hz and 100 Hz, respectively. The slot-bridge saturation effect can be clearly seen in the measured stator current waveforms. Furthermore, it can be seen that the measurement result in Fig. 9 (b) matches very well with the corresponding finite-element simulation result shown in Fig. 7 . Table I . Fig. 9 also shows the corresponding simulation results, obtained with the standard Γ model, where the leakage flux saturation and the deep-bar effect are omitted (but the stator flux saturation is taken into account). The constant-valued parameters L σb + L σ0 = 24 mH and R r0 = 0.18 Ω are the parameters at nominal operating point. The absence of the leakage flux saturation in the simulation model can be easily noticed around the zero crossings of the current. Furthermore, the simulated current amplitude decreases as a function of the frequency and differs from the measured ones, since the standard model omits the deep-bar effect. Fig. 10 repeats the measurement results already shown in Fig. 9 . The simulation results, however, are now obtained using the proposed model with the second-order ladder circuit. The parameters of the model are given in Table I . Figs. 10(a) and 10(b) show the results at the excitation frequencies of 50 Hz and 100 Hz, respectively. It can be seen that the proposed model properly captures the slot-bridge saturation effect. Furthermore, the simulated current waveform is now very close to the measured one, since the deep-bar effect is included in the model by means of the ladder circuit.
2) Torque-Reversal Test: In order to validate the proposed model with a rotating shaft, a torque-reversal test was carried out. The control system was implemented on the dSPACE system, described in Section V-A. As shown in Fig. 11 , a vector controller, equipped with a current-model flux estimator, is used in the current-control mode in this test. The current controller is a proportional-integral (PI) -type controller, with the active damping and cross-coupling compensation terms [28] . The proportional and active-damping gains are 70 V/A and the integral gain is 177 500 V/As. It is important to notice that the control system is based on the standard machine model, i.e., it takes neither the bridge saturation nor the deep-bar effect into account. Fig. 12 shows the results of the torque-reversal test. The load machine regulates the speed at 1000 r/min (0.66 p.u.). The flux-producing current component i d and the torque-producing current component i q correspond to those in the control system, i.e., they are shown in estimated rotor flux coordinates. Fig. 12(a) shows the measured and simulated waveforms, when the standard Γ model (explained in the previous subsection) is used as the plant model. The control algorithm used in the simulator equals the one used in the experiment. It can be seen that the standard model is not able to predict the cross-coupling effect in i d . Fig. 12(b) repeats the same measured waveforms, but now the simulated waveforms are obtained using the proposed model as the plant model. It can be seen that the simulation result matches well with the experimental result.
VI. CONCLUSION
We have proposed an extended induction machine model, which takes into account the slot-bridge saturation and the deepbar effect. The model extensions can be plugged into the standard machine model and they can be easily parametrized. The model is validated by means of finite-element analysis and experiments. The results show that the accuracy of the proposed model is superior to the standard model, particularly under single-phase excitation tests at standstill. We expect that the proposed model can be used as a basis in the development of more robust and accurate self-commissioning tests and high-performance control methods. Since 2008, he has been with ABB Drives, Helsinki, Finland, where he is currently a Principal Engineer. Since 2017, he has also been a Professor of Practice with the School of Electrical Engineering, Aalto University, Espoo, Finland. His research interests include power electronics in power systems, control of grid-connected converters, and electric drives.
